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ABSTRACT 

In this paper, we clarify the relation between Manin's quantum theta function and Schwarz's 
theta vector in comparison with the kq representation, which is equivalent to the classical 
theta function, and the corresponding coordinate space wavefunction. We first explain the 
equivalence relation between the classical theta function and the kq representation in which 
the translation operators of the phase space are commuting. When the translation operators 
of the phase space are not commuting, then the kq representation is no more meaningful. 
We explain why Manin's quantum theta function obtained via algebra (quantum tori) valued 
inner product of the theta vector is a natural choice for quantum version of the classical theta 
function {kq representation). We then show that this approach holds for a more general theta 
vector with constant obtained from a holomorphic connection of constant curvature than the 
simple Gaussian one used in the Manin's construction. We further discuss the properties of 
the theta vector and of the quantum theta function, both of which have similar symmetry 
properties under translation. 
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I. Introduction 



Classical theta functions can be regarded as state functions on classical tori, and have played 
an important role in the string loop calculation PQEj- Its quantum version on the noncom- 
mutative tori has been discussed mainly by Manin OIHISl and Schwarz [HIIZI- In the physics 
literature it has been discussed in the context of noncommutative soliton jH]. 

In noncommutative field theory, one can find nontrivial soliton solutions in terms of 
projection operators El EDI- Before this development, Boca [TT] has constructed projection 
operators on the Z4-orbifold of noncommutative two torus. There it was also shown that 
these projection operators can be expressed in terms of the classical theta functions, of 
which certain classical commuting variables are replaced with quantum operators. Hinted 
from and generalizing the Boca's result, Manin [HEI explicitly constructed a quantum theta 
function, the concept of which he introduced previously 3j. In both Boca's and Manin's 
constuctions, the main pillars were the algebra valued inner product that Rieffel ^21 used 
in his classic work on projective modules over noncommutative tori. One major difference 
is that in Manin's construction of quantum theta function, the so-called theta vector that 
Schwarz introduced earlier 0d was used for the inner product, while in Boca's construction 
the eigenf unctions of Fourier transform were used. 

Both the classical theta function ^3] and the kq representation in the physics literature 
[m [T5] have been known for a long time. The kq representation is a transformation of a 
wavefunction on (real n-dimensional) coordinate space to a function on (real 2n-dimensional) 
phase space consisting of (quasi-) coordinates and (quasi-)momenta. However, the transla- 
tion operators in the kq representation acting on the lattice of the phase space are commut- 
ing. When the lattice of the phase space is periodic, one can identify functions possessing 
translational symmetry on the lattice with the classical theta functions on tori. When the 
translation operators of the coordinate and momentum directions are not commuting, the 
kq representation and the classical theta function lose their meaning. One has to find other 
ways of representing periodic functions on the lattice of the non-commuting phase space. 
When the algebras are noncommutative, algebra valued inner product is a good fit for con- 
structing operators out of state functions. In the case at hand, the coordinates of the phase 
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space are non-commuting and so is the algebra based on them. And the functions on the 
non-commuting phase space can be regarded as operators. 

Classical phase space variables are commuting variables, and thus they can be simply 
multiplied in front of a state function (wavefunction). Namely, we can simply put the values 
of observables in front of a statefunction. However, in the quantum case, we have to be very 
careful with observables. Quantum observables behave as operators acting on a state and in 
general they change the state. 

In fact, the theta vector corresponds to a state on a quantum torus and the quantum theta 
function defined by Manin |2| f5] is an operator acting on the states (module) on a quantum 
torus. In quantum mechanics, one can build operators out of state vectors. In mathematics, 
this can be carried out via operator (algebra) valued inner product. Therefore, it is very 
natural to use algebra valued inner product to build the quantum theta functions from the 
theta vectors over noncommutative tori. The classical theta function possesses a certain 
symmetry property under the lattice translation, and Manin's quantum theta function is 
constructed in such a way that this symmetry property is maintained as a functional relation 
which the quantum theta function should satisfy. 

In this paper, we first review the classical theta function and the kq representation briefly 
and discuss their relationship. We then proceed to the quantum case and explain why the 
Manin's approach based on algebra valued inner product is a natural choice for quantum 
extension. As a support for this viewpoint, we show that the Manin's construction also 
holds for a more general theta vector satisfying the holomorphicity condition. Namely, the 
quantum theta function built with our new theta vector also satisfies the Manin's consistency 
requirement for the translational symmetry on the quantum lattice. 

We also discuss how the theta vectors can be regarded as invariant state vectors under 
parallel transport over noncommutative tori equipped with complex structures, while quan- 
tum theta functions can be regarded as observables having translational symmetry on the 
quantum lattice. 

The organization of the paper is as follows. In section II, we review the classical theta 
function briefly, then explain the relationship between the classical theta functions and the 
kq representation. In section III, we first review the theta vectors on quantum tori, then 
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explain how the concept of Manin's quantum theta function emerges from algebra valued 
inner product of a state function. In section IV, we first review Manin's construction of quan- 
tum theta function in detail. Then, in order to provide a further support for the Manin's 
approach we apply it to the case of a more general theta vector with constant satisfying 
the holomorphicity conditon, and show that new quantum theta function also satisfies the 
Manin's functional relation for consistency requirement. In section V, we conclude with 
discussion. 



II. Classical complex tori and kq representation 

In this section, we discuss the relationship between the classical theta function and the so- 
called kq representation ^3 El- We first look into how the classical theta function emerges 
from Gaussian function via Fourier-like transformation. We then show that the transformed 
function is exactly equivalent to the kq representation known in the physics literature. 

We now recall the property of classical theta function briefly, then show how Gaussian 
function can be transformed into the classical theta function. The classical theta function 
B is a complex valued function on C" satisfying the following relation. 

e{z + A') = Q{z) for z e C", A' G A', (1) 
Q[z + A) = c(A)e''(^'")e(z) for A G A, (2) 

where A' ^ A C is a discrete sublattice of rank 2n split into the sum of two sublattices 
of rank n, isomorphic to Z" , and c : A — > C is a map and q : AxC^C is a biadditive 
pairing linear in z. 

The function 6(z,T) satisfying (jT} and (j2I) is defined as 

e(z,T)= ^ e'^*('='^'=+2fc*.) (3) 

where T is a symmetric complex valued n x n matrix whose imaginary part is positive 
definite. Let frix) be a Gaussian function defined as below using the same T as above. 

f^(x) = e"'"'^" for X G R". (4) 
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Then /t(p, cr) is defined as [H] 

Mp,a)^ 5^e-2-^'''VT(a + A;) (5) 

where p, a G R". When we fix a, this is a Fourier transformation between k and p. Then 
from we get 6(z, T) with a substitution z = Ta — p as follows. 



= e'^^""^"e(Ta-p,T) (7) 
We can do the same procedure for a general Gaussian function, fT,c(yX), as follows. 

f^^^{x) = e-(-*^-+2-'-) (8) 

where c G C". Then, 

7r,,(p,c7)^ ^e-2-^'VT,c(a + fc) (9) 

^ ^ g7ri((o-+fc)*T(a+fe)+2c*(a+fc)-2p*fc) ^^q^ 

_ g7rj(o-*To-+2c'cr) ^■Ki{k*Tk+2k''{Ta-p+c)) 
k&^ 

= e"*("*^"+2cMe(2-^_p + c,T). (11) 

In this case we get Q{z^T) with a substitution 2; = Ta — p + c. 

The transformation (jSI) exactly matches the transformation used in defining the kq rep- 
resentation which already appeared in the physics literature ^^Ej. The kq representation 
is similar to the coherent states for a simple harmonic oscillator. The coherent states are 
the eigenstates of annihilation operator a, which is a linear combination of the position and 
momentum operators. Thus the eigenvalues of coherent states can be expressed in terms of 
expectation values of both position and momentum of the state. This is in contrast with a 
usual wavefunction in which position and momentum eigenvalues do not appear together. 
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The kq representation which defines symmetric coordinates k (quasimomentum) and q 
(quasicoordinate) is a transformation from a wavefunction in position space into a wavefunc- 
tion in both k and g, which we denote as C{k, q). C{k, q) is defined by ^H] 

ZTT ^ — ' 

where a is a real number (lattice constant), and the "coordinates" of the phase space (fc, q) 
run over the intervals ~~ < ^ ^ ~ aiid — f < ^ f • In this representation, the displacement 
operators e**"^^, e*""^ in the x and p directions, where = i, b = and m,n ^ Z, 

are mutually commuting and thus they simply become simple multiplication by the function 
e™^'J and e*""^, respectively [T5] . 

Comparing (fT^ with (0), it is not difficult to see that C{k,q) corresponds to fxiPyCr) in 
our previous discussion with a correspondence (p <-> A;) and (a ^ g). Furthermore, from 
(|T2|l it can be easily checked that 

C{k + —,q) = Cik,q), (13) 
a 

C{k,q + a) = e'^^C{k,q). (14) 

These exactly match (0) and (j2I), the property of the classical theta function. We can thus 
say that the classical theta function corresponds to the kq representation, C(/c, g), while the 
pre-transformed Gaussian function frix) for the classical theta function corresponds to the 
wavefunction ip{x) for the kq representation. This correspondence is only valid when the 
translation operators of the phase space (x, p) are mutually commuting. 

Therefore, we can see from the above observation that the quantum theta functions on 
noncommutative tori cannot be obtained via this kind of Fourier-like transformation. Since 
the translation operators on noncommutative (quantum) tori are in general non-commuting, 
we need other ways of going from the position space representation (like a wavefunction) 
to the phase space representation (like C{k,q) or the classical theta function in the above 
correspondence) in the quantum case. Namely we have to find a way to transform a wave- 
function (state vector) into an observable in a noncommuting phase space (consisting of 
operators x and p). This process can be done via the so-called algebra valued inner product 
demonstrated well in the Rieffel's seminal work on noncommutative tori Manin [HE] 
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has demonstrated sucessfully how this machinary can be used to define the quantum theta 
function. We now turn to this subject in the next section. 

III. Theta vectors on quantum tori and algebra valued 
inner product for a passage to quantum theta functions 

In this section, we first discuss theta vectors on quantum tori and define algebra (quantum 
tori) valued inner product on the modules over the quantum tori. Then we introduce Manin's 
quantum theta function [5^ via algebra valued inner product. 

A noncommutative d-torus Tq is a C*-algebra generated by d unitaries Ui, . . . ,Ud subject 
to the relations 

U^Uf^ = e^^'^-^UfjU^, for l<a,/3<ci, (15) 

where 6 = {Oap) is a skew symmetric matrix with real entries. 
Let L be all derivations on Tq , i.e., 

L = {5\5 ■ Tif, which is linear, and 6{fg) = 6{f)g + f6{g)}. 

Then L has a Lie algebra structure since [^i, ^2] = S162 — ^2^1 ^ L. We can also see that L 
is isomorphic to M.'^. A noncommutative torus is said to have a complex structure if the Lie 
algebra L = acting on Tg is equipped with the complex structure that we explain below. 
A complex structure on L can be considered as a decomposition of complexification L^iL 
of L into a direct sum of two complex conjugate subspace L^'" and L^'^. We denote a basis 
in L by 61, . . . ,6d, and a basis in by 5i, . . . , 5„ where d = 2n. One can express Sa in 
terms of 6j as 6a = taj^j, where t^j is a complex n x d matrix. 

Let Vj (for j = 1, . . . , c?) be a constant curvature connection on a T^-module S. A 
complex structure on S can be defined as a collection of C linear operators Vi;---;Vn 
satisfying 

Va(«-/) =«Va/+(M-/ (16) 
[Va,V/3]=0 (17) 
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where a E Tg and / G £^ 

These two conditions are satisfied if we choose Va &s 

V« = tajVj for a = l,...,n, j = l,...,n. (18) 
A vector / G £^ is holomorphic if 

V„/ = 0, for a = l,...,n. (19) 

A finitely generated projective module over Tg can take the form S{MP x Z"^ x F) where 
2p + q = d and F is a finite Abelian group fT2]. Here, S{M) denotes the Schwartz functions 
on M which rapidly decay at infinity. 

Here, we consider the case that the module is given by S'(M"'), and choose a constant 
curvature connection V on 5'(]R"') such that 

d 

{\7a,\7n+a) = {-^^-^TciaaXa) for a = l,...,n, (20) 

where (Tq are some real constants, x"' are coordinate functions on M" and repeated indices are 
not summed. Then the curvature [Vi, Vj] = -^ii satisfies F^^n+a = ^niaa, Fn+a,a = —^maa 
and all others are zero. Now, we change the coordinates such that t = (taj) becomes 

t=(l,r), (21) 

where 1 is an identity matrix of size n and r is an n x n complex valued matrix. 
Then, the holomorphic vector / satisfying ()19p can be expressed as 

{^-J2^mT^P^^)f = 0, (22) 

where the n x n matrix T = (Tq,^) is given as follows. The condition (fTTj) requires that the 
matrix T be symmetric, Tq,^ = T^a, and it is given by T^^ = Tapa^, a,P = 1, . . . ,n, with 
the repeated index P not summed. Up to a constant we get, 

/(x\...,a;") = e™"'^"''^''. (23) 

If ImT is positive definite, then / belongs to ^(IR"). The vectors satisfying the holomor- 
phicity condition (fnijl are called the theta vectors jBj. 
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If a constant in C" is added to a given connection \/, it still yields the same constant 
curvature. Then the holomorphicity condition (fT^ becomes [71 

(Va - '2mcc,)fc = 0, for a = 1, . . . , n (24) 

for fc G 5'(M"), giving the following condition 

i^-Yl '^'^^T^P^^ - 2mc^)f, = 0, (25) 

whose solution we get 

f^{x) = e™"'r-/3^''+2-^c-^". (26) 

Here, we would like to make an observation. The holomorphicity condition ()19|) means that 
the theta vector / or is invariant under a parallel transport on a noncommutative torus 
with complex structure. 

Now we turn to the concept of the quantum theta function introduced by Manin IHHHIHl- 
Recall that the classical theta function Q{z) satisfies the conditions (P) and 

e{z + X') = Q{z), zgC", ^A'gA', 
Q{z + X) =c{X)e'^^^''^Q{z), G A, 

where c : A — C is a map and q : AxC^C is a biadditive pairing linear in z. This 
function can be written formally as follows jS]. 

e(z) = ^a.e^'^'^'^^), (27) 

where J = Hom(A', Z). The coefficients aj decay swiftly enough. Then this form satisfies 
the first condition automatically and we impose a constraint for aj satisfying the second 
condition (0). If we define T(J)(C) = Hom(J,C*) where C* = C - {0}. We have an 
isomorphism e from J to J = IIom(T( J)(C), C*). We denote e(j) the image of j by this 
map e. Then 

e{j + l) =e(j)e(/), for j, / G J. 
We have an analytic map P which is in fact an isomorphism up to A', 

P, c" — yT{J){C), 



inducing the puUback P*(e{j)) = e^'^*-'^'-* where j(-) is the hnear function on C" extending j 
as a function on A'. Then the classical theta function 6 can be expressed as 

e = P*(e), where e = ^aje(j). 

Let B be the image of A under P, then 6*(0), the translation of O by 6 G 5, is equal to 
^^.gj ajj(6)e(j), where j{b) = e{j){b) is the value of e(j) at the point b E B: 

b*{e){w) = e{w ■ b), where G T(J)(C). 

The second condition can be interpreted as 

CbcUbWiQ) = e (28) 

where G C and jb G J. To generalize this for Tg, the Heisenberg group G{J) is defined. 
This is the group of linear endomorphisms of the space of functions ($) on algebraic torus 
T(J)(C) generated by the following maps, 

[c,x,j]: $-.ce(j>*($), (29) 

where c G C*, x G T(J)(C), j E J and x*(e(j)) = j(a;)e(j), where i{x) being the value of 
e(j) at X. In these terms, a system consisting of a subgroup -B in T(J)(C) and automorphy 
factors satisfying the second condition (j^Hj) become simply a homomorphism, which we will 
call a multiplier, £, 

£: 5-^G(J), £(6) = [cfe,X6,jfe], (30) 

where 6 — > x;, is a bijection. Manin's quantum theta function is invariant under the image 
of £, the subgroup of the Heisenberg group G{J). 

Now, we consider the algebra valued inner product on a bimodule after Rieffel Let 
M be any locally compact Abelian group, and M be its dual group and ^ = M x M. Let vr 
be a representation of Q on L?'{M) such that 

TTa^TTy = Q;(x,?/)7rj,+j^ = a(a;,t/)a(?/,x)7ry7r^. for a:,?/G^ (31) 
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where a is a map a: Q x Q ^ C* satisfying 



a{x,y) = a{y,x) \ a{xi + X2,y) = a{xi,y)a{x2,y), 

and a denotes the complex conjugation of a. 

Let D be a discrete subgroup of Q. We define S{D) as the space of Schwartz functions 
on D. For $ G S{D), it can be expressed as $ = J2weD^('^)^D,a{.u]) where eD,a{u!) is a 
delta function with support at w and obeys the following relation. 

eD,Q(Wl)eD,a(w2) = (y{Wi, W2)eD,a{^l + W2) (32) 

For Schwartz functions f,g E S{M), the algebra {S{D)) valued inner product is defined as 

D < f, 9 >= ^ D < f, 9 > (w) cdA^) (33) 

where 

D < f,9> iw) =< f,TT^9 > . 

Here, the scalar product of the type < f,p > used above for f,p E L'^{M) denotes the 
following. 

< f,P>= j f{xi)p{xi)d^i^^ for X = (xi, X2) G M X M, (34) 

where represents the Haar measure on M and p{xi) denotes the complex conjugation of 
p{xi). Thus the 5'(D)-valued inner product can be represented as 

D < f,9 >=^ < f\T^w9 > eD,ai^) . (35) 
weD 

For $ G S{D) and / G S{M), then 7r($)/ G S{M) can be written as [E] 

(7r($)/)(m) = J2 Hw)i7r^f)im) (36) 

where m e M, w = {w', w") e D G M x M. For f,9 e S{M) and $ G 5'(D), one can also 
check the following relation ^21 

D <^f,9>='^* D < f,9>, (37) 
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where * denotes the convolution. This means the compatibihty of the S{D)-vaAued inner 
product with the action of S{D) on S{M). Now one can define D-^, the set of z's in Q such 
that TTz commutes with tt^ for all w & D, 

= {z E Q : a{w, z)a{z, w) = 1, "^w E D}. 

Then the action of f2 G S{D^) on f E S{M) can be defined as, 

fn=Y. {Kf)m, (38) 

2G-D-L 

and thus the 5(1^-'-) -valued inner product can be expressed as 

< f,9 >D^ = ^ e^,a(^) < f,9 >D^ (z) 

= Yl e*oJz)<7rzg,f>, (39) 

where * denotes the adjoint operation. From the above definitions, the following relation 
holds [12! . 

D<f,g>h = f<g,h>D^ for f,g,hES{M). (40) 

Furthermore, if < /, / >d^= 1, then £></,/> is a projection operator [EllllE]- 

The Manin's quantum theta function jH EI was defined via algebra valued inner 
product up to a constant factor, 

D < /t, /t > ~ &D, (41) 
where Jt used in the construction was a simple Gaussian theta vector 

= e-^^*i^^i, xi E M, (42) 

with T be an X n complex valued matrix. Manin required that the quantum theta function 
B D defined in this way should satisfy the following condition under translation derived from 
the map ^ 

^gED, CgeDA9)^l{^D) = QD (43) 



12 



where Cg is an appropriately given constant, and is a "quantum translation operator' 
defined as 



(44) 



with some commuting function X{g, h) for g, h E D. The requirement PHj) can be regarded 
as the quantum counterpart of the second property of the classical theta function, 

In physics language, the theta vector corresponds to a state vector (wavefunction) which 
can be expressed as a Dirac ket, say \n >, and the quantum theta function corresponds to an 
operator for an observable which in terms of the Dirac bra-ket notation can be represented 
as J2n^n\^ X ""-I with a„ G C. In the case of algebra valued inner product, d < f, f > 
corresponds to J2n^ri\n >< n\ ^ 1, and < /, / >Dj^ corresponds to a case in which 
Yln^n < > = 1. Namely, the inner product in the latter case becomes a scalar which 
is equivalent to an identity operator. Furthermore, as we mentioned above, ()4Hj) represents 
the quantum version of the symmetry of the classical theta function under translation. Thus 
based on our above discussion in the Dirac's notation and the symmetry property that we 
mentioned, we can deduce that the Manin's quantum theta function constructed via algebra 
valued inner product is the quantum version of the classical theta function. 

IV. Quantum theta functions - extended to holomorphic 
connections with constants 

In this section, we review Manin's construction of quantum theta function in detail starting 
from the algebra valued inner product of the Gaussian theta vector, and show that Manin's 
approach for quantum theta function also holds for the case of a theta vector obtained from 
more general holomorphic connections with constants. 

As in the classical theta function case, we first introduce an n-dimensional complex 
variable a; G C" with complex structure T explained in the previous sections as 



X = Txi + X2 



(45) 
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where x = {xi,X2) G M x M. Based on the defining concept for quantum theta function 
()4H) . Manin defined the quantum theta function Gd as 

with fx given by (jl^ . Using (jH^ the 5'(Z^)-valued inner product in (PT|) can be expressed 

as 



D < /r, /t >= ^ < /r, tt/^/t > eD,a(/i). (47) 

heD 

Now, we define tt of ^ on L'^{M) as follows. 

= e2-^^*^^+"^i^V(xi for G ^ = M X il? (48) 

Then the cocycle a{x,y) in (jHT|) is given by a{x,y) = e'^*(^'i^2-2/j3;2)_ 

In 12], Manin showed that the quantum theta function defined in ()4(i|l is given by 

e^ = 5^e-f^(^'^)eD,„(/i), (49) 

heD 

where 

Hig,h)^g\lmT)-'h* 

with /i* = Thi + h2 denoting the complex conjugate of /i, and satisfies the following functional 
equation. 

^geD, Cg eoAg) ^li<dD) = &D (50) 

where Cg is defined by 

Cg = e-f ^(i^'^) 

and the action of "quantum translation operator" x* is given by 

xlieDAh)) = e-^^'^l^^^eoAh). (51) 

We now sketch the proof of the above statement. The scalar product inside the summa- 
tion in (jlTj) can be expressed as 

^ -j^^Jrp >= / ^mx\Txi-m{xi+hifT{xi+h{}~2mx\h2~mh\h2 ^^2^ 
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Denoting the exponent inside the integral sign as 



^-n{q{xi)+lhixi)+Ch) 



with 



and using the relation 



with 



g(xi) = 2x{ (ImT) xi 
kixi) = 2tx\{Thi + h2) 
Ch = ih{iTh + h2), 

q{xi + Xh) - q{Xh) = qixi) + lh{xi) 



Xh = '-{lmT)-'h*, 



the integration now becomes 



dfir^ g-'^(9(^l)+''i(^l)+Ch) = g-'r(Ch-'?(Ah)) j g— 7rg(zi+Ah) _ ^ ^-■n-(Ch-q(>^h)) 

. J^-a i/detg 

With a straightforward calculation one can check that 

CH-q{XH) = \ll{h,h), 

and with detg = 2'^det(Im T), the expression for Manin's quantum theta function 
follows. 

The functional relation for quantum theta function ()5()|1 can be shown by use of the 
definition of "quantum translation operator" ()51|) as follows. 

haD 

In the last step, the cocycle condition (jS2I) with oi{g,h) = e"'^3\h2-h\92) ^ ^i^HmUigS 
used. This proves the statement. □ 
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In the rest of this section, we apply the Manin's approach to a more general theta vector 
with constant obtained from a holomorphic connection of constant curvature. We do this 
to provide a further support for Manin's quantum theta function approach based on the 
algebra valued inner product and to show that it is a natural choice for quantum extension 
of the classical theta function. 

We begin again with S {D)-valued inner product ()41|) with a more general theta vector 
/t,c which appeared in [3 HH] . 



and T is the complex structure mentioned before. From ()34|) and ()48p. the algebra valued 
inner product can be written as 




(53) 



where 



:^Tzi+27ric*a:i 



c G C", xi e M, 



(54) 




(55) 



where q{xi), lh,c{xi), Ch,c are defined by 



q{xi) =2x*(Im T)xi, 
hi,c{,Xi) =2ix\{Thi + h2 — 2i(Im c)), 
Ch,c =th\{Thi + h2 + 2c). 



(56) 



Denoting 




one can check that 



q{xi) + lh,c{.xi) = q{xi + Xh,c) - g(Ah,c)- 
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Thus, the algebra valued inner product (j55|l can be written as 

D < fT,c, fT,c > = Y1 e-^^'^'^-^'^^'^'^'^^eDAh) I dfx^,e--^^^^^^'^-\ (57) 

Since diix^e~'^'^^^^^^^^'''> = l/i/det q, the above expression can be rewritten as 

D < It,, fT,c > = \ e~-^^-^-^Me^^^ih) (58) 

V2"det(Im T) ^ 

and we define our quantum theta function 0d,c as 



The quantum theta function defined above is evaluated as 
ei,,e = $^e--(^'--'^(^''-))ez,,„(/i) 

heD 

= ^ g-7r[i(ft'-2i(Im c)t)(Im r)-l(A*-2i(Im c))+2ift',(Re ^(/^)_ (gg) 

And the above defined quantum theta function 0d,c satisfies the following. 

Theorem: The quantum theta function Qd,c defined by the following algebra valued inner 

product 

" ^ ' ' " V2"de!(I.nr) ^°- 

with a theta vector fx^c below, which is obtained from a holomorphic connection with constant 

satisfies the following identity 

"^g e D, Cg^c eoAa) x*g,ci^D,c) = Qd,c ■ (63) 
Here Cg^c is a constant defined by 

Cg,, ^ e-t^^(M) 

where Hc{g,g) is given by 

Hc{9,9) = {9- 2z(Im c))*(Im T)-\g* - 2^(Im c)) + 4tgl{Re c), (64) 
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and x*^^ is a "quantum translation operator" defined by 

^IcMh)) = e-^(^'^)e^,„(/.) (65) 

where X{g,h) is given by 

Xig,h) = ^*(Im T)-^h* + 2(Im c)*(Im r)-^(Im c). 

Proof. We first note that from (jHn|l and (jMj) our quantum theta function Qd.c can be 
expressed as 

eD,c = $^e-5^=(^'^)eB,„(/^). (66) 

heD 

Thus the left hand side of the functional relation (jU^ can be written as 

C,,c eoAg) xlci<S>D,c) = e-i^^(M)e^,,((;) e-^^^(^'^)ez,,a(/^)) 

heD 

= J2 e-i^=(M)e-f ^^(^'^)e--^(^'^)eB,„(^7)e^,,(/i). 

heD 

Then using the co cycle relation 

eDA9)eDAh) = oi{g, h)eDA9 + h) = e^'"^^^'^''^ ^^"^'^eoAg + 
one can check that with a straightforward calculation 

proving the relation (jU^ . □ 

The property of quantum theta function (j63|) represents the translational symmetry of 
the quantum lattice. This corresponds to the symmetry property Q of the classical theta 
function on the complex tori: 

e{z + A) = C{X)e'^^^''^Q{z) for A G A 
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where A is the period lattice for the complex tori. The relation is the same as in the case of 
Manin's construction expressed in The only difference here is that the constant factor 
Cg and the action of "quantum translation operator" x* have been changed slightly due to 
the constant c G C" appearing in our new theta vector Jt^c- The changes in these two were 
possible due to quantum nature of the quantum theta functions which inherit the mapping 
property ()29|) expressed as a multiplier C in fl30|) . For the multiplier £, we have a freedom 
to select Cf, and jb in flHOj) . The constant factor Cg and the action of "quantum translation 
operator" x* directly corresponds and is related to Ch and jb, respectively. 

V. Conclusion 

In this paper we explained how Manin's quantum theta functions emerge naturally from the 
state vectors on quantum (noncommutative) tori via algebra valued inner product. 

As we discussed in section III, the theta vectors can be regarded as invariant state vec- 
tors under parallel transport on the noncommutative tori equipped with complex structures. 
However, they are not like the classical theta functions which are the state vectors (holomor- 
phic sections of line bundles) over classical tori. This is because the classical theta functions 
(complex n dimensional) are equivalent to kq representations (real 2n dimensional) which are 
transformations of the functions over coordinates (real n dimensional) only. Namely, these 
are functions over the phase space (real 2n dimensional) consisting of coordinates and their 
canonical momenta, while the theta vectors are more or less corresponding to the functions 
over coordinates (real n dimensional) only. 

Therefore to build a quantum version of classical theta function, we need to build a 
function over the quantum phase space (real 2n dimensional) via a transformation like kq 
representation. However, a function over quantum phase space is necessarily an operator 
since coordinates and their momenta are not commuting in general. As we discussed in 
section III, the algebra valued inner product is a good fit for this purpose, since it transforms 
a (commuting) function into an operator. Thus the quantum theta function obtained via 
algebra valued inner product from the theta vector (a function over commuting variables) 
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can be regarded as a quantum version of kq representation which corresponds to the classical 
theta function. 

In conclusion, we can say that the quantum theta function is a quantum version of the 
classical theta function which is equivalent to the kq representation, while the theta vector 
corresponds to a wavefunction over commuting coordinates, the pre-transformed function 
for the kq representation. 

Finally, we compare the characteristics of the quantum theta function and the theta vec- 
tor. The theta vectors can be regarded as invariant state vectors under parallel transport on 
the noncommutative tori equipped with complex structures, since they are defined to vanish 
under the action of the holomorphic connection which can be regarded as the generator for 
parallel transport. While the quantum theta functions can be regarded as observables having 
translational symmetry on the quantum lattice. Thus it is not surprising that these two are 
related by algebra valued inner product which one can regard as a quantum version of the 
transformation for the kq representation. 
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